
Chapter 14
Atomistic Pseudopotential Theory of Droplet
Epitaxial GaAs/AlGaAs Quantum Dots

Jun-Wei Luo, Gabriel Bester, and Alex Zunger

Abstract In this chapter, following the introduction to the basic electronic
properties of semiconductor quantum dots (QDs), we first briefly introduce our
atomistic methodology for multi-million atom nanostructures, which is based
on the empirical pseudopotential method for the solution of the single-particle
problem combined with the configuration interaction (CI) scheme for the many-
body problem which were developed in the solid-state theory group at the National
Renewable Energy Laboratory over the past two decades. This methodology,
described in Sect. 14.2, can be used to provide quantitative predictions of the
electronic and optical properties of colloidal nanostructures containing thousands
of atoms as well as epitaxial nanostructures containing several millions of atoms.
In Sect. 14.3, we show how the multi-exciton spectra of a droplet epitaxy QD
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character [21], whereas the bulk HH band, |3/2,±3/2〉 = ∓(|X〉 ± i|Y 〉)| ↑,↓〉/√
2,

contains exclusively |X〉, |Y 〉 components, and the bulk LH band |3/2,±1/2〉 =
(1/

√
3)[(|X〉 ± i|Y 〉)| ↓,↑〉+√

2|Z〉| ↑,↓〉] contains |Z〉 component. Thus, mixing
LH with HH leads to the control of the FSS via vertical electric field Fz. HH–
LH mixing also leads to fast spin decoherence of HH-dominated QD holes [22]
by introducing additional efficient spin relaxation channels belong to LH band.
In addition, both experimentally and theoretically observed optical polarization
anisotropy of neutral excitons (e.g., X0 and XX0) and charged trion (e.g., X−1 and
X+1) radiative recombination is known to arise from HH–LH mixing [23–27].

In the remainder of this chapter, we first briefly introduce our atomistic method-
ology for multi-million atom nanostructures, which is based on the empirical
pseudopotential method [28], combined with the configuration interaction (CI)
scheme for the many-body problem developed by solid-state theory group at NREL
over the past two decades. This methodology, described in Sect. 14.2, can be
used to provide quantitative predictions of the electronic and optical properties
of colloidal nanostructures [15, 29–34] containing thousands of atoms as well as
epitaxial nanostructures [17, 18, 21, 35–41] containing several millions of atoms. In
Sect. 14.3, we then show how the multi-exciton spectra of an unstrained GaAs QD
encodes nontrivial structural information that can be uncovered by atomistic many-
body pseudopotential calculations. In Sect. 14.4, we investigate the vertical electric
field tuning of the FSS in several InGaAs and GaAs QDs and reveal the influence
of the atomic-scale structure on the exciton FSS in QDs. Finally, in Sect. 14.5 a
comprehensive and quantitative analysis of the different mechanisms leading to
HH–LH mixing in QDs is presented. We specifically highlight the discovery of
the quantum transmissibility of the HH–LH mixing mediated by QD intermediate
states. The design rules for optimization of the HH–LH mixing in QDs are given in
this section.
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wavefunctions, observables can be obtained through the use of post-processor tools.
These different components will be briefly discussed below and we refer to [28,42–
47] for more detail.

Calculation of Atomistic Strain and Atom Position Relaxation. The first step
is to construct a simulation cell (supercell) containing a QD with an assumed
shape, size, and composition (gradient) and place the atoms on ideal zinc-blende
crystal sites. The atoms within the supercell are then allowed to relax in order
to minimize the strain energy using Keating’s valence force field (VFF) method
[45, 46, 48], including bond stretching, bond bending, and bond bending–bond
stretching interactions:

EVFF = ∑
i

nni

∑
j

3
8

[
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, (14.1)

where Δdi j =
[
(Ri − Rj)

2 − (d0
i j)

2
]
/d0

i j, Ri is the coordinate of atom i, d0
i j is the

ideal (unrelaxed) bond length between atoms i and j, and θ 0
i jk is the ideal (unrelaxed)

angle of bonds j − i − k. ∑nni
i denotes summation over the nearest neighbors

of atom i (nni = 4 for diamond, zinc-blende, and wurtzite crystal structures).
The bond stretching, bond-angle bending, and bond-length–bond-angle interaction

coefficients α(1)
i j (≡ α), β jik, and σ jik are directly related to the elastic constants in

bulk materials [46]:

C11 +2C12 =

√
3

4d0 (3α +β − 6σ)
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Fig. 14.1 Schematic to illustrate how the local strain is calculated in zinc blende semiconductors.
For a cation Ga (or In), three vectors (R12, R23, R34) forming a distorted tetrahedron after atomic
relaxation are related to the equivalent vectors (R0

12, R0
23, R0

34) of an ideal tetrahedron via the strain
tensor ε

(R12,R23,R34) = (1+ ε) · (R0
12,R

0
23,R

0
34). (14.3)

Solving the Schrödinger Equation for the Nanostructure. The single-particle
QD electronic states are obtained from solving the empirical pseudopotential
Schrödinger equation [35, 46, 47],

(
− h̄2
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Fig. 14.2 The squared wave functions (3D isosurface and 2D in-plane mapping) of the first
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14.3 Geometry of Epitaxial GaAs/(Al,Ga)As QDs as Seen
by Excitonic Spectroscopy

Molecular spectroscopy has always been intimately connected with molecular
structure and symmetry through fundamental interpretative constructs such as
symmetry-mandated selection rules, level degeneracies, and polarization [52]. Yet,
the spectroscopy of epitaxial semiconductor QDs—large simple molecules made of
103–106 atoms such as Si, InAs, or GaAs—has been largely conducted and inter-
preted without basic knowledge of the underlying structure. Indeed, the extremely
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as the QDs seen by optical spectroscopy. We conclude1 that the QD, the height
of which was measured to be 14 nm in [57, 62], is not the same QD that was
used in [25, 56, 60, 63, 64] to measure the band gap and exciton fine structure. It
is worth mentioning that the QD height decreases from 14 nm when the QDs are
grown by droplet epitaxy on a (001)-oriented GaAs substrate [57] to much smaller
value of 2.3 ± 0.6 nm when they are grown on a (311)A-oriented GaAs substrate
[
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In summary, we showed how the multi-exciton spectra of a droplet epitaxy QD
encodes nontrivial structural information that can be uncovered by atomistic many-
body pseudopotential calculations. We calculated single-particle energy levels,
exciton gap, optical emission spectra, and FSSs for a large number of strain-free
GaAs/AlGaAs QDs with three different shapes and different structure parameters
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Table 14.1 Sizes and
compositions of different
QDs investigated in this
section

Barrier (% Al)

QD Composition Size (nm) a,b,h Top Bottom

Lens shape
00 In0.8Ga0.2As 10, 7.5, 2.5 0 0
01 GaAs 45, 45, 3 35 35
02 GaAs 70, 50, 3 45 45
03 GaAs 70, 50, 3 35 45
04 GaAs 60, 40, 2 35 45
05 GaAs 25, 31, 3.9 35 35

Gaussian shape
06 GaAs 30, 30, 3 30 30
07 GaAs 30, 30, 4 30 30
08 GaAs 30, 30, 6 30 30
09 GaAs 35, 30, 3 30 30
10 GaAs 35, 30, 4 30 30
11 GaAs 35, 30, 6 30 30
12 Al0.06Ga0.94As 30, 30, 3 30 30
13 Al0.06Ga0.94As 30, 30, 6 30 30
14 Al0.06Ga0.94As 35, 30, 3 30 30
15 Al0.06Ga0.94As 35, 30, 6 30 30

The sizes a, b, and h describe the elliptic axis along the [110]
and [11̄0] directions and the height, respectively. Taken from
[21]. ©(2012) by the American Physical Society

We consider lens-shaped and Gaussian-shaped QDs with the properties
(composition and geometry) given in Table 14.1. The atom positions are relaxed
using the VFF method [46] and the single particle states are calculated using the
atomistic empirical pseudopotential approach [43, 46] as outlined in Sect. 14.2. We
apply an external electric field following [49]. The direct and exchange Coulomb
interactions are calculated from the atomic wave functions, and the correlated
excitonic states are calculated by the CI approach as shown in Sect. 14.2 using 12
electron and 12 hole states (spin included), thus accounting for correlations.

Before we present our numerical results, we introduce a mesoscopic simple
model where the Hamiltonian is split into different components:

H = HC2v +δHC1 +qsFz, (14.14)

where qs is the charge of a particle in band s, i.e., −e(+e) for conduction (valence)
bands, HC2v is the Hamiltonian of the QD with C2v point group symmetry, which
must be supplemented by the deviation from this symmetry by the term δHC1. This
latter term represents the random alloy present in the barrier and possible impurities
inside the GaAs QD, as well as shape asymmetries. In the space of the two bright
states |1〉 and |2〉 the Hamiltonian has a simple form:
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H =

(
E1 +δE1 + γ1F s0/2

s0/2 E2 +δE2 + γ2F

)
. (14.15)

The exciton energies of the high symmetric hypothetical structure given by E1 =
〈1|HC2v|1〉 and E2 = 〈2|HC2v|2〉 are different due mainly to strain [36] (nearly
vanishing in the case of strain free GaAs QDs). The lowering of the symmetry
to C1 leads to the terms δE1 = 〈1|δHC1|1〉 and δE2 = 〈2|δHC1|2〉 and also to
s
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Table 14.2 Transition
energy E0 and FSS
parameters defined in
Eq. (14.17) and extracted
from our numerical results

E0 s0 γ F0

QD (meV) (μeV) (μeV cm/kV) (kV/cm)

00 1363 ? 0.15 + 273
01 1644 0.1 0.11 +17
02 1650 0.1 0.08 −48
03 1643 0.1 0.08 −48
04 1742 0.9 0.14 −43
05 1679 0.3 0.33 +29
06 1762 ± 2 0.8 ± 0.3 0.85 ± 0.08 −21 ± 5
07 1718 ± 2 0.4 ± 0.1 0.95 ± 0.06 −26 ± 3
08 1666 ± 1 0.9 ± 0.8 1.06 ± 0.07 −25 ± 2
09 1754 0.9 0.79 −33.5
10 1714 0.4 0.78 −37.4
11 1660 0.7 0.96 −40.5
12 1806 ± 5 1.2 ± 0.7 0.74 ± 0.11 −14 ± 7
13 1727 ± 2 1.2 ± 0.5 0.85 ± 0.09 −15 ± 9
14 1799 ± 2 1.3 ± 1.0 0.73 ± 0.03 −25 ± 6
15 1721 ± 2 1.8 ± 1.4 0.84 ± 0.07 −40 ± 5

The error bars represent the range of parameters we obtain by
running five different random alloy realizations (see Fig. 14.9).
Taken from [21
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is in agreement with our model (Eq. (14.15)), where these terms have been shown
to originate from the lowering of the symmetry (term δHC1).

Random Alloy Effect on γ . The value of γ is only weakly dependent on the details
of the alloy realization (see Fig. 14.9) but rather strongly on the QDs geometry,
size, and composition (see Fig. 14.8c). Indeed, following our model, γ gives the
difference in the response of |1〉 and |2〉 to the applied field and is directly related
to the light-hole component of the exciton state. For a pure heavy-hole exciton, γ
vanishes. The light-hole component does change significantly for different shapes
(QD01, QD02, QD03, QD04, and QD05 have 3.5%, 2.4%, 2.6%, 5.0%, and
8.2%, light-hole component, respectively) but remains constant for different alloy
realizations.

Oscillator Strength. Figure 14.8d shows a moderate change of the oscillator
strength, in the range of 10%, with varying E field in the range of −100 to
+100kV/cm.

How to Select QDs with Small s0. Our present work shows not only that GaAs
QDs are good candidates to achieve small FSS via vertical electric field but also
that rather large fluctuations of s0 should be expected within one homogenous set
of QDs (that differ only by random alloy effects and have the same shape, size and
composition). A selection of appropriate QDs (as practiced experimentally [87,88])
will therefore be advantageous, if not necessary. From Eqs. (14.18) and (14.19) at
zero field (F = 0) we can derive the following expressions:

F0 =
ΔE cos2θ

γ
; s0 = −ΔE sin2θ , (14.20)

where ΔE is the FSS at F = 0. Interestingly, s0 does not depend on the slope γ and
only requires a single measurement of the FSS and the corresponding polarization
angle θ at zero field. We have used Eq. (14.20) in Table 14.2 to report our value of
F0 for QD00. For the value of s0, however, if ΔE is large, a small inaccuracy in the
measurement, or the calculation in our case, of the angle θ
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This dependence of s0, and also F0, on the random atomic arrangement is
in agreement with the expectations from a simple mesoscopic model that shows
these terms to be proportional to the “amount of deviation from C2v” symmetry
toward the lower C1 symmetry. Hence, a QD made of a random alloy (with
formally C1 symmetry) with an atomic decoration of the lattice that will resemble
the C2v symmetry, will have the smallest s0. This represents a striking example
of an observable, where the conventional treatment of a random alloy through a
replacement of the atomic distribution by an average (VCA [90]) or an effective
medium (CPA [90]) fails. In this case, the position of each and every atom in a
structure made of several thousand atoms is relevant.
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in strain-free GaAs/AlGaAs QDs grown by molecular droplet epitaxy [4, 86]. The
anisotropic QD geometric shape, which also lowers the QD symmetry from D2d to
C2v is alone considered as the origin of this unexpected HH–LH mixing [25].

In reality, the atomistic symmetry of ideal circular-based lens-shape or Gaussian-
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the HH–LH mixing of the QD ground hole state h0. Specifically, we separate the QD
Hamiltonian into two parts: H = H0+δV , where H0 is the QD Hamiltonian without
HH–LH mixing producing unperturbed QD ground states derived from bulk HH
and LH bands: Ψ0

HH = |uHH;φ 0
HH〉 and Ψ0

LH = |uLH;φ 0
LH〉, respectively, where |uHH〉

and |uLH〉 are bulk Bloch functions and φ 0
i are the envelop functions associated

with the bulk band i. The perturbative potential is δV = δV(i) + δV(ii) + δV(iii) +
δV(iv) +δV(v) +δV�

V
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Table 14.3 Bulk band (HH, LH, and SO) characters of the highest
three hole states h0, h1, and h2 for strain-free GaAs/Al(Ga)As and
strained In0.6Ga0.4As/GaAs QDs

HH/LH/SO (%)

QD
Shape cylindrical
Composition Point group E(h0) E(h1) E(h2)
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Mechanism (iv) Low Local Microscopic Symmetry Interfaces. The impact of local
atomic symmetry of C2v interface on HH–LH mixing was first proposed by Ivchenko
et al. [98, 99] using phenomenological Hamiltonian to explain unexpected HH–LH
mixing observed in D2d GaAs/AlAs QWs [95–97
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