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The electronic structure of quantum dots containing N 1 1000 atoms is difficult to calculate by conventional 
molecular methods since the effort scales as N. Our newly developed method allows calculation of eigenstates 
within a desired “energy window” and thus has a linear-in-Nscaling. This method is applied here to Si quantum 
dots using a plane wave basis expansion and an empirical pseudopotential Hamiltonian. Hydrogen atoms 
passivate the surface dangling bonds using a realistic surface relaxation geometry. We  investigate the dependences 
of energy gaps and radiative recombination rates on the size, shape, and orientation of the Si quantum dots. 
We find that (1) a unified curve exists for band gap us size of quantum spheres, cubes, and rectangular boxes; 
(2) the band edge states of Si quantum dots are bulklike, not surfacelike; (3) the band gap is insensitive to  the 
surface orientation and to the overall shape of the quantum dot as long as it is not too prolate; (4) the radiative 
lifetime is sensitive to the shape and orientation; and ( 5 )  effective mass and single band 
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Most of these difficulties can be overcome by the empirical 
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shapeof the quantumdot does not change. The precise relaxation 
of the quantum dot surface atoms is taken from data on these 
three primary surfaces of H-covered Si films. The reconstructed 
surface geometries we used are (1 X 1):H for the (1 1 1)-oriented 
film surfa~e,28.~~ (1Xl):H for the (1 10)-oriented film surface,30 
and (1X1):2H for the (100)-oriented film ~urface.~~-32 The 
previously determined relaxations for (1 11) and (1 10) surfaces 
are relatively small,” so for these surfaces we used an ideal 
unrelaxed structure with Si-H bond distance of 1.487 A. There 
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Figure 3. Wave function square contour plots of the (1 10) X (170) X 
(001) rectangular quantum box with d = 34.1 8, and Nsi = 1035 viewed 
from the [OOl] direction. (a) The LUMO wave function square summed 
along the z direction. (b) The HOMO wave function square plotted on 
the z = LJ2 cross section. The crossed circles in (b) and (c) denote the 
positions of the silicon atoms on that plane. (c) The square of the HOMO 
wave function reconstructed from eq 8 using just three bulk bands at k* 
(see text). This is plotted on the same cross section and has the same 
contour steps as in (b). 

the determination of the wave functions and hence the band gaps 
and oscillator strengths. This is in direct conflict with the tight- 
binding result of Gavrilenko et al.38 which produces surfacelike 
features in their LUMO states. In ref 38, the same type of hydride 
termination on the Si (001) surface is used as in the present work, 
but the surface atomic relaxation is done by total energy 
calculations based on the tight-binding Hamiltonian. However, 
we believe that the main reason of the difference is due to the 
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different treatments of the surface H potentials: In ref 38, the 
energy levels of the SiH4 molecule are fitted to give the matrix 
elements of the TB Hamiltonian. We have tested this procedure 
using EPM and find a similar surfacelike LUMO state. However, 
we feel that a SiH4 molecule is not an adequate model for 
H-covered Si surfaces. On the (001) film surface, there are two 
H atoms from neighboring H:Si:H groups which can be quite 
close, but this situation is totally absent in the SiH4 molecule. 
Thus, we fit our H potential directly to the local density of state 
of these surfaces. This shows that the LUMO and HOMO of 
quantum dots are both bulklike. 

Both the effective mass and the truncated crystal methods 
model the states of quantum structure in terms of an expansion 
in periodic crystal solutions. It is thus interesting to analyze our 
directly calculated “exact” wave functions also in terms of bulk 
Bloch wave functions. We can expand the directly calculated 
quantum dot state as a linear combination of the bulk Bloch 
states: 

where k and n are the wave vector and the band index of the bulk theTd(wave )Tj0 1.0549 0 73 0 Td0.5 369.375.4 5aiT17j0 Tc 22.2Tj0. Tc34o 

of the -0.01001 Tc 1.5426.27(the )]TJC099id53is 
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Figure 4. Comparison of calculated LUMO-HOMO gaps us size as obtained withdifferent direct calculation 
methods. The 

curve representing 
the current result is fitted from Figure 

2. The results are 
for PW-LDA,43 NN-TB,@ TNN-TB,41 and LCAO-LDA.42 See text 

for 
definitions 

of 
these methods. 
this EMA calculation. Replacing in the EMA calculation the 

infinite confining wall by 

a finite barrier 

reduces 

AE,(d) 

and 
softens the 1 

/d2 scaling. Indeed, solving the EMA equation for a finite barrier of 

height 

4 eV and using an effective mass 

m* 
= 

0.2m 

gives a 10% lower AEg(d) 

for d 
= 40 8, and a 15% lower 

AEg(d) for d = 25 

A. 

This reduces the EMA error relative to 

our direct calculations by 20% and 30% for d = 40 and 25 A, 

respectively. The remaining, bigger part of the error must come from the EMA Hamiltonian itself, Le., from the assumption of 

parabolic dispersion. 

We next compare our direct 

results with the 

model of RKF.12 The 

method of RKF, which corrects the parabolic scaling of 
the 

effective mass model by explicitly using the 

dispersion relations of the 

bulk band structure, underestimates the band gap opening 

AE(d). For 

d A, our come(A, )Tj/F2 0.9456 0 Td(relations )Tj-0 9.9 4M5142negl0.00 12 
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Figure 6. Radiative recombination rate 1/r (eq 10) as a function of the 
luminescence photon energy (excitonic band gap). Experimental curves 
1 and 2 are from ref 7 and 47, respectively. The symbols +, +, and 
represent calculations for spherical, (1 10) X (110) X (001) rectangular, 
and (100) X (010) X (001) cubicquantumdots. TheCoulombinteraction 
energy (eq 9) has been added to the calculated band gap. 

with experiment. It would clearly be desirable to synthesis Si 
dots with a tighter size control. 

F. Radiative Recombination Rate YS Quantum Dot's Size. 
Figure 6 depicts the calculated radiative recombination rate us 
the band gap for our three prototype quantum dots. The results 
are compared with the experimental data.7*47 The recombination 
rate is defined as 117; here T is the radiative lifetime, calculated 
from48 

Here, n(=2.6) is the effective refractive index of Si quantum 
dot,49 o is the photon angular frequency, (Y = e2/hc ,  and the 
matrix element (ilpv) represents purely electronic wave functions, 
ignoring the contribution from atomic vibrations. The value of 
T calculated from eq 10 strictly between the HOMO and LUMO 
states fluctuates widely even with small changes in quantum dot's 
size. To reduce this fluctuation, we have taken an average of 
(ilpv)' over the four highest occupied states i and four lowest 
unoccupied statesf. The energy spread for these four eigenstates 
is about 20 meV for the largest quantum dots studied here, thus 
of the order of kT at room temperature. Figure 6 shows that, 
unlike the E,  US d curves (Figure 2), which collapse into a single 
"unified" curve for all prototype quantum dots, the 1 / T  us dcurve 
shows some scatter and does not collapse into a universal curve 
for all quantum dot shapes. In the small band gap (large size) 
region, cubic quantum dots have a larger recombination rate, 
followed by spherical quantum dots, and then by rectangular 
quantum dots. Our results agree qualitatively with the exper- 
imental data7q4' in that the difference between the experimental 
data and the current result is in the same order of magnitude as 
the difference between the two sets of the experimental data. 

G. Orientation Dependence. We have next studied the effect 
of the surface orientation of the quantum dot on its band gap and 
recombination rate: To eliminate other effects, we have chosen 
two quantum dots with the same shape (cubic) and almost the 
same sizes (differing by 1.7%). One quantum dot has (loo), 
(OlO), and (001) surfaces, and the other has (110), (liO), and 
(001) surfaces. Thus, the latter structure represents a 4S0 rotation 
of the first structure around one of its principal axes. The 
calculated band gaps and radiative lifetimes are given in Table 
2. After correcting the small size difference using the unified 
curve of Figure 2, we find that the band gap difference for these 
two orientations is 0.014 eV. This is only 2% of the band gap 
blue shift (D,) and is thus negligible. However, the recombi- 
nation rate of the [(llO),(l~O),(OOl)] oriented quantum dot is 
40 times smaller than that of the [(100),(010),(001)] oriented 
quantum dot (similar to the situation in Figure 6). We can 
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TABLE 2 Orientation Dependence of the Band Gap and 
Radiative Lifetime of Cubic Quantum Dots' 
system orientation Nsi Nn d ( A )  Eu.(eV) ? ( U S )  

1 (100) X (010) X (001) 1101 532 34.783 1.8173 231.2 

The band gap difference after correcting for the small difference in 

2 ( i i o ) x ( i i o ) x ( o o i )  1157 492 35.363 1.8237 8647 

size is 0.014 eV. 

3.0 I I ( b )  / 
Present Calculation 

w 
2.0 

conclude that the band gap energy has negligibly small dependence 
on orientation, but the radiative lifetime (recombination rate) is 
more sensitive to it. 

H. Shape Dependence at Constant Size. Quantum confinement 
effects can exist in one-dimension (film), two-dimension (wire), 
and three-dimension (particle) systems. In Figure 2, we showed 
that if the effective size is measured as d Nsi1I3, the band gap 
us size (or Nsi) curves are similar for three prototype shapes, as 
long as the structure is not too prolate. It would be interesting 
to study the band gap change when a quantum dot goes through 
an extreme shape change, e.g., from a filmlike object to a wirelike 
object. We examined this by changing the aspect ratio L,/L, = 
Lz /Ly  of a rectangular box (see inserts to Figure 7): When the 
ratio L,/L, << 1, the quantum dot is filmlike; when LJL, = 1, 
the quantum dot is cubic; and when L,/L, >> 1, the quantum dot 
is wirelike. To eliminate the effects of orientation, we studied 
boxes with fixed surface orientations [(lOO),(OlO),(OOl)] for all 
LJL,  ratios. To eliminate the effect of size Nsi, we studied 
quantum dots having almost the same number Nsi = 1108 f 13 
of Si atoms. Figure 7 depicts the recombination rate (part a) and 
band gap energy (part b) versus the ratio L,/L,. Note that 
different shapes at  Nsi = constant can have gaps that differ by 
as much as 0.8 eV. The structure with the smallest band gap 
(i.e., weakest quantum confinement effect) occurs when L,/L, 
= 1 (cubic). Fitting the L,/L, = 1 point to an EMA formula 
shows that when LJL, differs from 1, the effective mass formula 
overestimates thequantumconfinement effects. This is consistent 
with the results of Figure 2, which indicates that the smaller the 
length L, or L,, the larger the error of the EMA. 
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lifetimes for these two systems are very close, within a factor of 
2. The fact that the gap of a dots is larger than that of the wire 
is consistent with the larger quantum confinement for finite L, 
(Le., box). However, the nearly identical radiative lifetimes of 
these two systems is surprising given that in the wire k, = 0 for 
the HOMO and LUMO while in the box k, # 0 for both of them. 
This implies that, in this case, the radiative lifetime is mostly 
determined by the x, y directions, while the z direction has little 
effect. 
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Figure 8. Comparison of the band gap and radiative lifetime ( T )  of finite 
rectangular quantum boxes of length L, = V k X  = .\/zL, and infinitely 
long (Lz = m) quantum 
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