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Although models of branching in arterial and bronchial trees often predict a dependence of bifurcation
parameters on the scale of the bifurcating vessels, direct verification of this dependence by comparison
with data is uncommon. We compare measurements of bifurcation parameters of airways and arterial trees
of different mammals as a function of scale to general features predicted by theoretical models based on
minimization of pumping power and network volume. We find that the size dependence is more complex
than existing theories based solely on energy and volume minimization explain, and suggest additional
factors that may govern the branching at different scales.
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The potential factors determining the parameters at bi-
furcations in the arterial and bronchial trees of mammals
have lately received attention. Most notably, these local
bifurcation characteristics have been proposed to deter-
mine allometric scaling laws for biologically important
variables (see [1–3]). It has been suggested that arterial
and bronchial trees follow a pattern that minimizes a
combination of pumping power and the total volume of
the tree (see, for example, [1–6]). If the flow is assumed to
be Poiseuille (resistance proportional to the inverse fourth
power of the vessel radius) on all scales, self-similar
branching results; i.e., the branching parameters do not
depend on the scale. However, it has been argued [1]
that, due to the fact that the blood flow is pulsatile [7,8],
arterial trees determined by optimization have branching
parameters that depend on the scale (the form of this
dependence is discussed below). As a direct test of these
theories and their assumptions, we compare in this Letter
experimental measurements of the scale dependence of the
branching parameters with the predictions of theoretical
models. Many studies of bifurcation parameters rely on
ordering schemes [9] which do not directly consider the
dependence of the bifurcation parameters on the scale, and
thus are not appropriate for our particular purpose. We will
explicitly study the dependence of the radii of the bifur-
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1, r2 denote the radii of the daughter
vessels. Variables often used to characterize the bifurca-
tions are the area ratio and the symmetry index, defined,
respectively, by a � �r2
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0 and � � r2=r1, where

r2 � r1 [11]. These two variables completely determine r1

and r2 in terms of r0. The branching exponentcations. An exponent x � 2 indicates co
cross sectional area (a � 1), and a v
sponds to conservation of laminar shear
tion. The area ratio a is related to x and t
� by a � �1� �

2��1� �x��2=x. This is a monotonic func-
tion of x which does not change much as the value of � is
varied between 0.5 and 1. We will therefore regard the
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creases as mentioned before, attaining values below those
equivalent to x � 3. For the smallest vessels, the area ratio
takes values substantially above those corresponding to
x � 3.

We observe a qualitatively similar situation for the lung
arteries [Fig. 1(c)]. For each data set, there is a local
minimum of the area ratio at moderately small vessel
radius, and the area ratio increases sharply as the radius
decreases further. The fetal and neonatal lamb arterial trees
(diamonds and stars, respectively) have smaller overall
values of the area ratio, as noted before [17]. In the dog




