
Large networks of coupled oscillators are pervasive in
science and nature and serve as an important model for
studying emergent collective behavior. Some examples include
synchronized flashing of fireflies [1], cardiac pacemaker cells
[2], walker-induced oscillations of some pedestrian bridges
[3], Josephson junction circuits [4], and circadian rhythms
in mammals [5]. A paradigmatic model of the emergence of
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communities is much larger than that between communities,
namely,

Kσσ ′ =
{
Ck if σ = σ ′,
K otherwise,

(14)

where k and K are of the same order. We clarify that the
local coupling strength Ck is chosen so that the local coupling
within a community is of the same order as the sum of the
coupling to every other community. More generally, a local
coupling strength of the form Kσσ = k/ε with ε � 1 can be
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plot time-averaged rσ as a function of �σ in Figs. 3(a)–3(c),
respectively. Results from direct simulation are plotted in
blue circles and compared to theoretical predictions, which
are plotted as dashed red curves. Figure 3(a) corresponds to
region B, where R = 0 and rσ is given by Eq. (17) and is
therefore independent of σ . Figure 3(b) corresponds to region
C, where all communities lock and their order parameter rσ

is a solution of Eq. (20). Figure 3(c) corresponds to region D,
where some communities lock and their order parameter rσ is
a solution of Eq. (20), and other communities drift and their
order parameter rσ is independent of σ and given by 〈rσ 〉. The
vertical arrows indicate the theoretical value for the locking
frequency obtained from Eq. (21). Theoretical results match
very well with the numerical simulations.

IV. GLOBAL DIMENSIONALITY REDUCTION

In the previous section, we studied local synchrony by
assuming a steady-state value for the global synchrony order
parameter Z = Rei� . We now discuss how the global order
parameter can be found by making a second dimensionality
reduction on a global scale. As we previously let Nσ tend to
infinity in order to enter a continuum description within each
community, we now consider the limit C → ∞ and introduce
the density function F (ψ,�,r,t) that describes the density of
communities with average phase ψ , mean natural frequency
�, and degree of local synchrony r at time t . In analogy
with individual oscillators, the number of communities is
conserved and F must satisfy the continuity equation ∂tF +
∂ψ (Fψ̇) + ∂r (F ṙ) = 0. However, we find that the degrees of
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An interesting result is that the system of planar oscillators
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