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62 ZACHARY P. KILPATRICK AND BARD ERMENTROUT

distinct advantage of such networks is that they display bistability, where stable spatially lo-
calized bumps can coexist with a spatially homogeneous “off” state. Another common feature
of these models is that they tend to be (continuously) translationally symmetric, since they
are spatially continuous dynamical systems whose symmetry is preserved under reflections
and arbitrary translations [27, 9]. Stationary localized bump solutions arising in these models
have been used as theoretical descriptions of tuning to visual input [4, 10], head direction [82],
and working memory [14]. These studies demonstrate that neural field models are a useful
tool for understanding the dynamical mechanisms necessary to sustain the neural substrates
of a variety of sensory and motor processes.

Since stationary bumps are an idealized description of encoding location in networks rep-
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WANDERING BUMPS IN STOCHASTIC NEURAL FIELDS 63

dynamical system, whose phase space contains a line attractor.
The wandering of bumps in noisy models of working memory corresponds well with ex-

isting data concerning the dependence of recall error on delay time [78, 66]. In spite of the
relatively reliable correspondence between the elevation of neural activity and the cue loca-
tion in prefrontal cortical networks [38], there is inevitably some error made in reporting the
original cue location [78]. Interestingly, the amplitude of this error scales linearly in time [66],
suggesting that it may be generated by some underlying diffusive process. Thus, improving
the accuracy of stored memories in a network requires reducing the effects of this diffusion as
much as possible. This invites the question of how networks for working memory may exploit
dynamics that are close to line attractors to improve memory recall accuracy. Some compu-
tational studies have suggested that relaxing the translation symmetry of line attractors by
introducing multiple discrete attractors may make dynamics more resilient [71, 49, 12]. How-
ever, others have viewed spatial heterogeneity in networks as a detriment to working memory
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WANDERING BUMPS IN STOCHASTIC NEURAL FIELDS 65

system size of each local population. For large but finiteN , one can truncate a Kramers–Moyal
expansion of the master equation to systematically derive a Langevin neural field equation
[11], such as (1.7). Furthermore, using stochastic analysis, it is possible to derive neural field
models from microscopic models of networks of spiking models, but these are non-Markovian
and thus difficult to analyze [30].

It is worth noting that we are considering the Langevin equation (1.7) in the Ito sense.
For the purposes of this paper, there will not be any major distinctions between this and
the Stratonovich sense. Major differences would begin to appear if the noise term in (1.7)
were multiplicative, rather than purely additive [3, 11], due to the fact that the integral of
Stratonovich calculus is defined differently than that of Ito calculus (see section 3.3 of [68]
for more details). We will not pursue proofs of existence and uniqueness of solutions in this
work. In [74], existence and uniqueness of solutions are shown using a contraction argument
on an integral form of a discrete version of (1.7
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68 ZACHARY P. KILPATRICK AND BARD ERMENTROUT

perturbations [5, 10, 33, 75]. To illustrate this, we show linear stability results for the case of
a cosine weight function (1.2). Following reasoning similar to that of the input-free case (see
Appendix A), the eigenvalue associated with odd perturbations to the bump can be computed
as

λo = −nI0
A

I(sinx sin(nx)),(2.10)

where I(r(x)) is given by (A.14). We are mainly interested in the fact that infinitesimal
changes in I0 can alter the linear stability of the bump with respect to these perturbations,
since λo → 0 in the limit I0 → 0. To employ the linear stability theory we have developed,
we study the case of a Heaviside firing rate function (1.6). In this case, we know A = 2 sin a
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72 ZACHARY P. KILPATRICK AND BARD ERMENTROUT

3.1. Pure diffusion of bumps in a homogeneous network. We begin by studying approx-
imate solutions to the Langevin equation (1.7) with a spatially homogeneous weight function
w(x, y) = w̄(x − y). We are primarily interested in how the bump’s position changes. Wan-
dering of bumps was first observed numerically in modeling studies of working memory that
employed rate [14] and spiking models [16]. These authors observed that such pure diffusion
was due to the potential landscape of the deterministic dynamical system being a line at-
tractor [14
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WANDERING BUMPS IN STOCHASTIC NEURAL FIELDS 73

Isolating dΔ(t), we find that Δ(t) satisfies the stochastic differential equation (SDE)

dΔ(t) = −ε1/2

∫ π

−π
ϕ(x)dW (x, t)dx∫ π

−π
ϕ(x)U ′(x)dx

.(3.6)

With the SDE (3.6) in hand, we can compute the effective diffusivity of the bump to a linear
approximation. First, note that the mean position of the bump averaged over realizations
does not change in time (〈Δ(t)〉 = 0) since the additive noise is white in time (〈W (x, t)〉 = 0).
Computing the variance of the stochastic variable Δ(t), we find it evolves according to pure
diffusion since

〈Δ(t)2〉 = ε

∫ π
−π

∫ π
−π ϕ(x)ϕ(y)〈W (x, t)W (y, t)〉dydx[∫ π

−π ϕ(x)U
′(x)dx

]2 t,

〈Δ(t)2〉 = D(ε)t,(3.7)

and using the definition of W (x, t) in (1.8) yields

D(ε) = ε

∫ π
−π

∫ π
−π ϕ(x)ϕ(y)C(x − y)dydx[∫ π

−π ϕ(x)U
′(x)dx

]2 .(3.8)
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76 ZACHARY P. KILPATRICK AND BARD ERMENTROUT

3.3. Bumps pinned by synaptic heterogeneity. Now, we explore the effect synaptic het-
erogeneities have on the diffusion of bumps. Noise causes bumps to wander freely in the
translationally symmetric network, so the memory of the initial condition deteriorates over
time. However, previous studies of bumps in spiking networks with some spatially dependent
heterogeneity in model parameters have shown that the bump will become pinned to a few
discrete positions in the network [82, 67]. Here, we study a periodic heterogeneity in the
synaptic weight w(x, y), as in section 2, which allows us to predict the most likely position
for bumps. Interestingly, as the frequency of this heterogeneity is increased, so too does the
effective diffusion of the bump.

To analyze the effect that noise has upon bump solutions, we can make a small noise
assumption and perform an asymptotic expansion as we did for the homogeneous network.
Due to spatial heterogeneities, noise causes the center of the bump to move as a mean-
reverting stochastic process on short timescales, rather than as a purely diffusive process.
Synaptic heterogeneities, however subtle, can trap neural activity in basins of attraction whose
widths are defined by the period of the heterogeneity (1.3). We start by applying the same
perturbation expansion (3.1) as before, substituting it into (1.7), and studying the hierarchy of
equations generated by expanding in powers of ε1/2. To leading order, we find the deterministic
equation (2.14) for the mean bump profile U(x). To next order, we find that Δ(t) = O(ε1/2)
and

dΦ(x, t) = LΦ(x, t)dt+ ε−1/2U ′(x)dΔ(t) + dW (x, t) + ε−1/2B(x)Δ(t)dt,





 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

78 ZACHARY P. KILPATRICK AND BARD ERMENTROUT

usually find that Deff < D(ε). Thus, in some sense, having a chain of discrete attractors
appears to provide better memory of the initial condition than a line attractor. Of course the
trade-off is that only a finite number of initial conditions, specifically n, can be represented
in our network (1.7) with the weight (1.3) with modulation frequency n.

4. Numerical simulations. In this section, we study specific examples for the asymptotic
formulae we derived in section 3. Doing so, we can compare the results of averaging over a
large number of numerical simulations of (1.7) to our small-noise expansion approximations.
In general, we find reasonably good agreement. Simulating (1.7) also allows us to observe
phenomena which we did not capture in our asymptotic approximation. In particular, we
study rare events that can occur on exponentially long timescales and cannot be captured by
regular perturbative expansions.

4.1. Pure diffusion in the homogeneous network. Now, to compare our asymptotic
analysis to numerical simulations of the homogeneous network, we study the effect of a cosine
spatial correlation function

C(x− y) = π cos(x− y),(4.1)

so the formula for the diffusion coefficient (3.16) becomes

D(ε) =
επ

A2

[(∫ π

−π
sin2 xf ′(U(x))dx

)2

+

(∫ π

−π
sinx cos xf ′(U(x))dx

)2
]
=

επ

A2
,(4.2)

where we have applied the identities (
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82 ZACHARY P. KILPATRICK AND BARD ERMENTROUT

“off” state, here it separates two stable bumps, centered at x = 0 and x = π. In Figure 8(a),
we show one such transition. In this case, our approximation using an Ornstein–Uhlenbeck
process (3.20) will clearly break down, since the bump is now attracted to a completely
different stable state. In Figure 8(b), we show that the mean time until a switch Tswitch

depends exponentially on the strength of the input I0, given b exp(γI0). Essentially, we are
controlling the depth of a bistable potential well in which the dynamics of the bump’s position
will evolve. The stronger the input, the deeper the well will be. As in the case of bump
extinction, we might expect that a Kramer escape rate calculation could give us such a result
[68, 37]. However, we will leave such calculations to future studies of rare events in neural
fields.

4.5. Pinning of bumps by synaptic heterogeneity. Now to compare our asymptotic anal-
ysis of the synaptic heterogeneity case to numerical simulations, we specify a Heaviside firing
rate function (1.6), cosine (1.2) for w̄ and w1, and cosine spatial noise correlations (4.1). Here,
the diffusion coefficient D(ε) is given by the formula (4.3). In addition, we restrict our mod-
ulation frequency to be greater than unity, n > 1. Then the function B
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88 ZACHARY P. KILPATRICK AND BARD ERMENTROUT

where

I(r(x)) =
∫ π

−π
r(x)f ′(U
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WANDERING BUMPS IN STOCHASTIC NEURAL FIELDS 89

for the bump (2.2) of half-width a. Identifying threshold θ values at which (A.22) crosses zero
will give the location of a saddle-node bifurcation [1, 20, 33]. Equation (A.22) allows us to
compute eigenvalues exactly for the wide and narrow bumps since (A.9) gives the half-widths
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90 ZACHARY P. KILPATRICK AND BARD ERMENTROUT

Since w1(ny) is a 2π/n
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