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Lastly, to close the dynamics, we convert Eq. (A2) to a
differential equation for wσ . Taking a Fourier transform, we
have that

(1 + Tσ s)wσ (s) = zσ (s), (A9)

and converting back to the time domain yields

Tσ ẇσ = zσ − wσ . (A10)

thereby closing the dynamics.

APPENDIX B: NUMERICAL VALIDATION OF
THE LOW-DIMENSIONAL EQUATIONS

Next, we present simulations validating the low-
dimensional equations. Since it is computationally infeasible
for us to account for both a distribution of time delays and
community structure, we use the hybrid approach proposed
in Ref. [28]. In this approach, the microscopic dynamics
of the oscillators is taken into account, but the effect of the
time delay is accounted via the techniques presented above.
We note that the treatment of distributed time delays via
the Ott-Antonsen ansatz has been validated before [17], so
we focus on validating its interplay with the community
structure. The hybrid approach consists in considering the
equations

θ̇ σ
i = ωσ

i + krσ sin
(
ψσ − θσ

i

) + K
∑
σ ′ �=σ

ρσ ′ sin
(
φσ ′ − θσ

i

)
,

(B1)

ẇσ = (zσ − wσ )/Tσ , (B2)

where zσ = rσ eiψσ , wσ = ρσ eiφσ , and we have taken advan-
tage of the technique used above to deal with the time delays.
Note that the time delays enter in the evolution of oscillator i
by the fact that the input it receives from community σ ′, wσ ′ ,
is effectively a delayed version of the order parameter from
community σ ′. Equations (B1), (B2), and (1) have the same
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To complete the analysis, we need to consider the evolution of
perturbations transversal to the manifold where communities
with the same frequency are synchronized, i.e., x j , y j . By
setting x j (t ) = eiαt x̃ j , y j (t ) = eiαt ỹ j in Eqs. (C9)–(C12) and
eliminating x̃ j , ỹ j , we obtain the critical values

KT = 4κ

[
1 +

(
�T

1 − κT

)2
]
, ω =
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